We present a nonlocal statistical field theory of a dilute electrolyte solution with small additive of dipolar particles. We postulate that every dipolar particle is associated with an arbitrary probability distribution function (PDF) of distance between its charge centers. Using the standard Hubbard-Stratonovich transformation, we represent the configuration integral of the system in the functional integral form. We show that in the limit of a small permanent dipole moment, the functional in integrand exponent takes the well known form of the Poisson-Boltzmann-Langevin (PBL) functional. In the mean-field approximation we obtain a non-linear integro-differential equation with respect to the mean-field electrostatic potential, generalizing the PBL equation for the point-like dipoles obtained first by Abrashkin et al. We apply the obtained equation in its linearized form to derivation of the expressions for the meanfield electrostatic potential of the point-like test ion and its solvation free energy in salt-free solution, as well as in solution with salt ions. For the 'Yukawa'-type PDF we obtain analytic relations for both the electrostatic potential and the solvation free energy of the point-like test ion. We obtain a general expression for the bulk electrostatic free energy of the solution within the Random phase approximation (RPA).
For the salt-free solution of the dipolar particles for the Yukawa-type PDF we obtain an analytic relation for the electrostatic free energy, resulting in two limiting regimes.
Namely, when the Debye screening length attributed to the charged groups of the dipolar particles is much bigger than the mean-square dipole length, the electrostatic correlations of the dipolar particles consist in their effective Keesom attraction, so that the electrostatic free energy is proportional to the square of dipolar particles concentration. In the opposite case, when the mean-square dipole length is much bigger than the Debye length, the charge centers of dipolar particles can be considered as unbonded ions, so that the electrostatic free energy can be described by the There are also a few works, which investigate the mixture of dipolar particles with ions of salt in the confinement or near the charged electrode within the field-theoretical approach.
In work 10 On the other hand, the microscopic theory of the point-like dipolar particles taking into account the electrostatic correlations at the many-body level (within the Random phase approximation) leads to the ultraviolet divergences of the electrostatic free energy. The latter also indicates the necessity to introduce internal electric structure details of the dipolar particles into the microscopic theory. Up to date, two methods have been proposed for obtaining a finite value of the electrostatic free energy of the dipolar fluid within the microscopic statistical theories. The first approach consists in introducing an ultraviolet cut-off into the integration over the vectors of reciprocal space, so that the cut-off parameter is usually inversely proportional to the molecular length scale (see, for instance [14] [15] [16] [17] ). The second approach starts from the assumption that the charge groups of the dipolar particles are not point-like ones described by the delta-functional densities, but are smeared over some spatial region with some form-factor. Thus, introducing the charge form-factor, containing some phenomenological scale parameter to the microscopic theory allows the authors to avoid the ultraviolet divergence 18 . Note that both approaches give qualitatively similar results for the behavior of electrostatic free energy at a small dipolar particles concentration. Strictly speaking, the first approach is a particular case of the second one, when the Fourier-image of the form-factor choice is the Heaviside step function, which, in turn, leads to the ultraviolet cut-off. We would also like to note that despite the efficiency of these approaches in theoretical description of the thermodynamic properties of different dipolar fluids, they could be considered only as mathematical tricks allowing one to overcome the deficiencies of the local theory without accounting for the internal electric structure of the dipolar particles.
However, within both approaches the question stated above about the electrostatic potential behavior at small distances from the test point-like charge remains unanswered.
On the other hand, the recent advances in experimental studies of different organic compounds (such as proteins 19, 20 , betaines 21, 22 , zwitterionic liquids 23 , etc.) comprising rather long polar groups (∼ 5 − 10 nm) challenged the statistical mechanics to develop a fieldtheoretical approach to modelling the dipolar particles not as the point-like dipoles 10, 12 (or even as the dipolar hard spheres 24, 25 ), but as a set of charge centers with fixed or fluctuating distances between them. One would expect that such a nonlocal statistical field theory should be devoid of the above described ultraviolet divergence of the free energy and allow us to study the electrostatic potential behavior at the distances from the point-like test charge that are comparable to the characteristic distances between the charge centers of the dipolar particle. In the present paper, we formulate such a nonlocal statistical field theory of the ion-dipole mixture. assume that the particles are immersed in a solvent which we will model as a uniform dielectric background with constant dielectric permittivity ε. We postulate that each dipolar particle is associated with the probability distribution function (PDF) g(r) of the distance between its centers of charge. Keeping in mind these model assumptions, we start from the configuration integral of the mixture
where
is the measure of integration over the coordinates r (±) j of the charge centers of the dipolar particles with the above mentioned PDF g(r), satisfying the normalization condition
and
is the integration measure over the ionic coordinates; β = 1/k B T is the inverse thermal energy. The Hamiltonian of the electrostatic interaction can be written as follows
is the Green function of the Poisson equation and
is the total charge density of the system, consisting of the microscopic charge density of the dipolar particles and ions (first, second, and third terms) and the fixed density of external charges (fourth term). It should be noted that we omitted the electrostatic self-energy of the charged particles in (5) for simplicity. Note that in the present study for simplicity we neglected the contribution of the repulsive interactions between the species. It can be justified for rather small concentrations of salt and dipolar particles.
Thus, we can rewrite our partition function as follows
Further, using the Hubbard-Stratonovich transformation (see, for instance,
we achieve the following functional representation of the configuration integral
with the one-particle partition functions
and the following short-hand notations
In the thermodynamic limit
Similarly, we obtain
Therefore, we arrive at the following functional representation of configuration integral
where the following functional
is introduced. 
where integration dn/4π(..) means the averaging over orientations of unit vector n = l/l, we obtain the following functional
When l → 0, the expansion of the exponential factor into the Taylor series up to the first order in l and averaging over orientations of vector l lead to the well known PBL functional 10-12
where p = el is the dipole moment.
B. Mean-field approximation
Now let us consider the mean-field approximation for the configuration integral 12, 26, 27 . At first, we have to equate to zero the functional derivative of the functional (15), i.e.
that yields the following equation
Further, introducing the electrostatic potential ϕ(r) = iψ(r) 12, 26, 27 , we arrive at the following nonlinear integro-differential self-consistent field equation:
The electrostatic free energy in the mean-field approximation is
C. Point-like charge in dipole environment
As an application of equation (21), let us calculate the electrostatic potential of the electric field created by a point-like test ion with charge q surrounded by dipolar particles in the absence of ions (i.e., n ± = 0). Placing the point-like ion at the origin and taking into account that ρ ext (r) = qδ(r), we write the self-consistent field equation in the form
In order to understand how the dipolar surrounding changes the Coulomb electrostatic potential of the bare point-like charge, we consider the regime of weak electrostatic interaction,
i.e. assume that eψ(r)/k B T ≪ 1, which yields
Further, passing to the Fourier-image of the electrostatic potential
we can rewrite the equation (24) in the following algebraic form
where k = |k|. Thus, after some algebraic transformations, we arrive at
is the so-called screening function and
is the characteristic function of distribution 30 . Therefore, the electrostatic potential of the point charge takes the standard form of the linear response theory [31] [32] [33] :
In order to evaluate the electrostatic potential, we should specify the probability distribution function g(r). For the dipolar particles with permanent dipole moments with the PDF determined by relation (16) the characteristic function takes the form
However, relation (30) does not allow us to obtain the analytical expression for electrostatic potential. Nevertheless, we can use another model characteristic function
which allows us to obtain the analytic results, determining the following 'Yukawa'-type PDF
where r = |r|. We would like to stress that the distributions determined by characteristic functions (30) and (31) give the same mean-square distances between the charge centers of dipolar particles l/ √ 6.
Thus, substituting eq. (31) with eq. (27) and taking integral (29), we arrive at the following result
where 
Thus, when the mean-square dipole length is much bigger than the Debye screening length, the charge centers of dipolar particles can be considered as unbonded ions, screening the charge of the test ion.
It is worth noting that relation (33) allows us to formally introduce the local dielectric permittivity as
Therefore, length l s determines the radius of the sphere around the point charge in which the dielectric constant is smaller than its bulk value 10,12,34,35
In other words, length l s can be considered as the effective solvation radius of the point charge in the dipole environment within the linear theory.
The mean-field electrostatic free energy in the linear approximation is:
where the reciprocal Green function renormalized by the presence of dipolar particles
is introduced. Further, taking into account that
we obtain the final relation:
To calculate the solvation free energy of the point-like test ion, we should subtract the electrostatic self-energy of point-like charge, i.e.
from (39) . Taking into account that
we arrive at
D. Point-like charge in ion-dipole environment Now let us calculate the electrostatic potential of the point-like charge at the non-zero ionic concentrations in the bulk (n ± = 0) in the linear approximation eψ/k B T ≪ 1. In that case the self-consistent field equation takes the following linearized form
2 is the solution ionic strength.
Moving on to the Fourier representation, after some algebra, we obtain the standard relation for the Fourier-image of the potential
with the following screening function
where κ s = 2e 2 I/(εε 0 k B T ) is the inverse Debye screening length attributed to the ionic species.
Using the same Yukawa-type PDF, i.e., using the same characteristic function g(k) = 1/ (1 + k 2 l 2 /6) as in the previous subsection and performing the inverse Fourier transformation, we arrive at the following analytic relation for the electrostatic potential
In the absence of ions (y s = 0), expression (46) will transform into the above expression (33) . In the absence of dipolar particles (y d = 0), we obtain the standard Debye-Hueckel
In order to obtain the solvation free energy of the test charge in the ion-dipole environment, we execute the similar algebraic transformations as in the previous subsection.
In that case, we have the same relation for the electrostatic free energy in the mean-field approximation, i.e.
is the reciprocal Green function renormalized by the presence of ions and dipolar particles.
Subtracting the electrostatic self-energy from (50) (see the previous subsection), we obtain the following analytic expression
which will turn into the above relation (42) in the ion-free case (y s = 0).
E. Random phase approximation
Now we proceed to the derivation of the electrostatic free energy of the ion-dipole mixture within the Random phase approximation (RPA). Expanding the functional S[ϕ] in (14) into a power series near the mean-field ϕ(r) = iψ(r) and truncating it at the quadratic term, we
is the renormalized reciprocal Green function with the mean-field electrostatic potential ψ(r) satisfying equation (21) . Therefore, taking the Gaussian functional integral 26 , we obtain the following general relation for the configuration integral in the RPA
where the symbol tr(..) means the trace of the integral operator 26, 27 . In the absence of external charges (ρ ext (r) = 0), the mean-field electrostatic potential ψ(r) = 0, so that the mean-field contribution to the electrostatic free energy
the electrostatic free energy is fully determined by the electrostatic potential fluctuations near its zero value. In that case the renormalized reciprocal Green function takes the form
whereas the electrostatic free energy is
) are the Fourier-images of the Green functions. Hence, the electrostatic free energy of the ion-dipole mixture in the RPA can be written in the standard form 27,33
where the screening function κ 2 (k) is determined by relation (45). Note that we have subtracted the electrostatic self-energy of the system from the electrostatic free energy 33 .
We would like to stress that integral (58) converges at the ultraviolet limit.
For the Yukawa-type PDF, determined by eq. (31), the integral in (58) can be taken analytically only in the absence of ions in the system (n ± = 0), yielding
where the auxiliary dimensionless function
is introduced. It is instructive to analyze the limiting regimes following from relations (59-60). Thus, we get
The first regime determines the case when the mean-square distance l/ √ 6 is much less than 
where the first term in the right hand side describes the DH contribution to the electrostatic free energy from the ionic component of the mixture. The second and third terms describe, respectively, the contributions of ion-dipole and dipole-dipole pairwise correlations. In the opposite regime when y d ≫ 1, we obtain the standard DH limiting law
In the latter case, dipolar particles charged groups manifest themself as unbonded ions participating in the charge screening together with salt ions.
III. CONCLUDING REMARKS AND PERSPECTIVES
In conclusion, we have formulated a nonlocal statistical field theory of the dilute electrolyte solutions with admixture of a small amount of dipolar particles, consideringmodelling the latter as dimers comprising two oppositely charged groups located at the fluctuating distances relative from each other. Attributing to every dipolar particle an arbitrary probability distribution function of the distance between its charge centers and using the standard Finally, we would like to discuss further applications of the present theory. As is well known, in the dipolar fluids at a rather low temperature chalin-like clusters are formed, preventing the expected liquid-gas phase separation 6, 38, 39 . In contrast to the first, quite eclectic theory 6,39 taking into account the chain-like cluster formation in the dipolar fluids, the present theory allows us, in principle, to calculate the electrostatic free energy of the dipolar chain clusters mixture within one formalism. Thus, it is interesting to apply the present formalism to the description of dipolar fluids phase behavior taking into account for the cluster formation of the dipolar particles and their dispersion and excluded volume interactions. Especially, it is interesting to answer the following question: How will accounting for the chain-like cluster formation change the self-consistent field equation (21)? Answering that question will give us an understanding of how the presence of chain-like dipolar clusters in a polar fluid will renormalize the electrostatic potential of the test ion and its solvation free energy. There are also two advantages of the present theory over the previously published statistical theory of polar fluids 6, 39 . Firstly, in contrast to that theoretical model, the present theory can be easily generalized to the case of dipolar particles mixture with an arbitrary number of components. Secondly, our theory can be generalized to the particles with an arbitrary electric structure. For this purpose, it is necessary to introduce a probability distribution function of distance for each pair of oppositely charged groups of the fluid molecule. A systematic study of all these issues will be the subject of forthcoming publications.
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